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Proper orthogonal decomposition was employed to turbulent flows over an open cavity to investigate the spatial
characteristics of coherent structures responsible for self-sustained oscillations. The distributions of pressure
fluctuations were analyzed by using snapshot-based proper orthogonal decomposition. When self-sustained
oscillations took place for Re;, = 12, 000 in the cavity geometry of L/D = 2, three pairs of alternative patterns were
shown in the first and second modes of pressure fluctuations. By examining both temporal evolutions and spanwise
distributions of the first two modes, quasi-two-dimensional vortical formations were shown to be responsible for the
self-sustained oscillations. In turbulent cavity flows of Re;, = 3000, however, the periodic oscillations were not
observed, due to the irregular shedding of three-dimensional vortical structures. For the application of proper
orthogonal decomposition analysis to experimental data, the decomposition was employed to the spatial distributions

of v-y correlations on the lip line of cavity geometry.

Nomenclature

a, = time-varying coefficient of mth mode

c, = mth eigenvector

Cim = ith element of eigenvector c,,

D = cavity depth

f,o = frequency of self-sustained oscillations, w = 2z f

K = kernel function

L = cavity length

L, = streamwise lengths of the development section
before the leading edge

L, = streamwise lengths of the development section after
the trailing edge

Ly = transverse length of computational domain

L, = spanwise length of computational domain

M = total number of eigenmodes or snapshots

N = number of self-sustained oscillation modes

N; = number of grids in each directions

p = pressure fluctuations

q = stochastic data

Rep = Reynolds number, U, D/v

Rey = Reynolds number, U, 0/v

tUs/D = nondimensionalized time

Ue = convection velocity

Uy = freestream velocity

X; Cartesian coordinate

o, = mth threshold of time-varying coefficient

Vs Mom mth eigenvalue

At = computational time step

n = residual of eigenmode

0 = momentum thickness of incoming boundary layer
v = kinematic viscosity

Om> ¥,y = mtheigenmode

Q = physical domain of stochastic data

+ = wall unit

Received 26 January 2008; accepted for publication 24 June 2008.
Copyright © 2008 by Hyung Jin Sung. Published by the American Institute of
Aeronautics and Astronautics, Inc., with permission. Copies of this paper may
be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0001-1452/08 $10.00 in
correspondence with the CCC.

*Department of Mechanical
Yuseong-gu.

fCorresponding Author, Department of Mechanical Engineering, 373-1
Guseong-dong, Yuseong-gu; hjsung @kaist.ac.kr.

Engineering, 373-1 Guseong-dong,

2848

I.

HE occurrence of self-sustained oscillations has been the most

important characteristic in the behaviors of a separated shear
layer over an open cavity since Rossiter [1]investigated the influence
of cavity dimensions and freestream velocity on resonant tones. To
understand the mechanism underlying self-sustained oscillations and
elucidate large-scale vortical structures responsible for such
oscillations, numerous experimental and numerical studies have
been carried out in incompressible flows as well as in compressible
flows. As reported in the previous studies of compressible flows
[2,3], the mechanism of self-sustained oscillations has been well
characterized by extracting large-scale vortical structures from
compressible flows over an open cavity.

In incompressible turbulent flows, however, it has not been easy to
identify coherent structures responsible for the oscillations due to
both incompressibility and turbulence, although self-sustained
oscillations have been expected to take place. The absence of
acoustic resonance leads to weak oscillation of the separated shear
layer and the coherent structures are mixed with the inherent
turbulent motions. It may be the main reason why the vortical
formation of large-scale structures was carefully shown in
instantaneous velocity and vorticity fields rather than a statistical
analysis [4]. Instantaneous fields of velocity fluctuations were
mainly used in Ashcroft and Zhang [5] to show large-scale vortical
structures in a separated shear layer although the organized nature of
coherent structures was reflected by the statistical analysis of v
correlations. The work of Kang et al. [6], which was the first large-
eddy simulation (LES) of high Reynolds number in incompressible
turbulent flows over an open cavity, also provided instantaneous
isopleths and spanwise-averaged contours of pressure fluctuations to
show large-scale vortical structures responsible for the peak
frequency of energy spectra. Because the examination of raw data,
including instantaneous velocity or vorticity distributions, restricts
the structural analysis of a separated shear layer to be instant and
qualitative, a statistical analysis such as proper orthogonal
decomposition (POD) is necessary to elucidate quantitative
characteristics of large-scale vortical structures.

The proper orthogonal decomposition is a basic statistical tool
which is a procedure for finding an orthonormal basis set from an
ensemble of stochastic data. Since the POD was first introduced in
turbulent flows by Lumley [7], the decomposition has been
frequently used in analyzing the properties of coherent structures
embedded in background turbulent noises and constructing low-
dimensional models that exhibit most of the coherent properties. In
turbulent channel flows, an one-dimensional POD analysis was
carried out to determine the scale and pattern of large-scale structures
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that contribute most to the total turbulent kinetic energy [8]. In
separated shear flows, Kostas et al. [9] performed the POD analysis
on both fluctuating velocity and vorticity fields of a backward-facing
step, which was obtained from particle image velocimetry (PIV)
measurements. Not only the velocity field but surface pressure was
analyzed by using the decomposition to identify large-scale vortical
structures that generate the pressure fluctuations on the bottom
surface of a backward-facing step [10]. The POD was also employed
to 2-D compressible laminar flows over a rectangular cavity to obtain
a low-order dynamic model for the oscillating behaviors of a
separated shear layer [6]. Pastur et al. [11] applied the decomposition
to 2-D snapshots of incompressible laminar flows to expose the
spatial coherent structures that give rise to self-sustained oscillations.
By examining the temporal evolutions of dominant eigenmodes, the
first two eigenmodes were ascertained to be responsible for the peak
frequency of power spectral distribution. The 2-D POD was
extended to a 3-D decomposition in Podvin et al. [12]. From the
temporal spectra of time-varying coefficients, it was shown that the
3-D POD was more adequate for capturing the oscillating behaviors
of the separated shear layer than the 2-D POD. Although the 2-D
POD provided a mixture of “shear-layer” and “cavity” modes due to
the loss of three-dimensionality, the 2-D decomposition was still
useful for distinguishing large-scale coherent structures from the
inherent fluctuations of the separated shear layer.

Despite the attractiveness of POD analysis for identifying large-
scale coherent structures, the application of POD to incompressible
turbulent flows over an open cavity has received little attention
because large-scale vortical structures are difficult to identify due to
the weak coherence of large-scale structures in the absence of
acoustic resonance. The objectives of the present study are to
1) identify large-scale vortical structures responsible for hydro-
dynamic oscillations by employing the POD to the pressure
fluctuations of incompressible turbulent flows over an open cavity;
2) obtain the vector fields of velocity fluctuations corresponding to
the dominant eigenmodes of pressure fluctuations with the concept of
conditional averaging; 3) elucidate the quantitative characteristics of
large-scale vortical structures by comparing the oscillating behaviors
of a separated shear layer with those of a nonoscillating system. To
achieve these, numerical data of Kang et al. [6] are analyzed by using
2-D POD. Furthermore, because the spatial distributions of pressure
fluctuations are not available in the experimental application of the
decomposition, the distributions of v-v correlations are used in the
POD analysis to represent the oscillating behaviors of a separated
shear layer over an open cavity.

II. Numerical and Experimental Procedures

For an incompressible flow, the nondimensional governing
equations are

du; , Qwu;  dp 1 0%y,

o Ox; T 9x;  Rep ox3

i=1,23 (1)

du;
o =0 Q)

where x; are the Cartesian coordinates and u; are the corresponding
velocity components. The freestream velocity U,, and the cavity
depth D are used for nondimensionalization. The Reynolds number
is defined as Re, = U, D/v, where v is the kinematic viscosity. The
governing equations are integrated in time using the fully implicit
decoupling method proposed by Kim et al. [13]. All terms are
advanced in time with the Crank—Nicolson method, and are resolved
with the second-order central difference scheme in space. Based on a
block LU decomposition, both velocity-pressure decoupling and
additional decoupling of the intermediate velocity components are
achieved in conjunction with the approximate factorization. The
multigrid method is applied to obtain the solution of the pressure
Poisson equation in a 7-shaped domain.

A schematic of the computational domain is shown in Fig. 1. For
all of the present simulations, the turbulent boundary layer was
provided at the inlet with the realistic velocity fluctuations of
Rey = 300, which were generated using the method of Lund et al.
[14]. To ascertain the reliability of the incoming turbulent boundary
layer, comparisons of the turbulence statistics with the direct
numerical simulation data of Spalart [15] are presented in Fig. 2.
Figure 2a shows the profile of the mean velocity normalized by the
friction velocity (U = U/u,) with variations in y* = yu_/v, and
Fig. 2b shows the comparison of the turbulence intensities. The
present results are in excellent agreement with those of the previous
study. The convective outflow condition (du;/dt) + U.(du;/dx) =
0 is used at the exit, where U, is the convection velocity. A no-slip
boundary condition is imposed at the solid wall. Neumann
conditions are imposed at the freestream, and periodic boundary
conditions are used in the spanwise direction.

Direct numerical simulations of incompressible flows over an
open cavity are performed for Re;, = 3000. The cavity flows at high
Reynolds number (Re, = 12, 000) are simulated using an LES with
a dynamic subgrid-scale model [16]. The simulation conditions used
in the present study are summarized in Table 1. N, is the number of
grid points in each direction, and the mesh resolutions are
nondimensionalized by the friction velocity of the incoming
turbulent boundary layer u,. The mesh resolutions at the trailing edge
and outlet are represented by Ax'. and Axj,, respectively.
Uniform grids are used in the spanwise direction. Nonuniform grids
are used in the streamwise and wall-normal directions, with higher
densities of grid points near the leading and trailing edges. As the
cavity length is increased, the number of grid points in the
streamwise direction is increased to keep the mesh resolution
constant. The computational time steps are free from the Courant—
Friedrichs—-Lewy limit by using the fully implicit decoupling
method. The time step is At =0.004D/U,, for Re;, = 3000. For
Rep =12,000, the time step is very small, such as
Ar=0.001875D/U,,, due to the explicit characteristics of the
dynamic subgrid-scale model. After a long initial transient period,
due to the large residence time of fluid particles in the recirculation
zone, the stochastic data are averaged in time as well as in the
homogeneous spanwise direction.

The computational domain size is determined after checking two-
point correlations of velocity fluctuations. The domain size in the
spanwise direction L is 4 times the cavity depth D for Re, = 3000
and 12,000. These spanwise domain sizes are supported by the
results of previous numerical simulations of turbulent flows over a
backward-facing step [17]. The domain size in the streamwise

a)U* a) Reynolds stresses

Fig. 2 Mean velocity and turbulent intensities of turbulent boundary
layer, Re, = 300.
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Table 1 Simulation conditions

Rep L/D,L/6 N, XN, xN, Axt, Axfa Ayt Az" L./D
3000 2,20 513 x 133 x 129 1.11, 18 0.18 5 4
12,000 2,80 897 x 169 x 257 1.4, 40 0.56 10 4

direction is L; =L, =9D for Rep =3000 and L; =4D, L, =
7.5D for Rep = 12,000, respectively. Here, L; and L, are the
streamwise lengths of the development section before the leading
edge and after the trailing edge. The transverse height Ly is set to be
5D for Re;, = 3000 and 12,000. The Neumann boundary is imposed
at the freestream sufficiently far from the free shear layer of the
turbulent cavity flow to allow the turbulent intensity to
monotonically decrease to a constant value.

To validate the accuracy of the present simulations, we
quantitatively compared the cavity flows of Rep = 3000 in the
cavity geometry of L/D = 2 with the previous data of Pereira and
Sousa [18,19] and Chang et al. [20]. Specifically, we compared the
mean streamwise velocity and turbulent intensities at x/D = 1.4,
that is, the location of the primary vortex core. As shown in Fig. 3,
good agreement is observed between the present results and those
reported previously. The discrepancy observed in the region of
y/D > 1.41is due to differences in the inflow conditions used; that is,
we used a fully turbulent boundary layer of Rey = 300 in the present
simulations, whereas a fully turbulent channel flow of Re, = 930
was used in the previous studies. As the turbulent cavity flows of
Rep = 12,000 have been compared with PIV data in the previous
experiment of Kang et al. [6], the resolution of the present LES is
sufficient to analyze the second-order turbulence statistics.

To investigate the oscillating behaviors of a separated shear layer
in turbulent flows over an open cavity, we analyzed PIV data ob-
tained from the previous experiment of Kang et al. [6]. The Reynolds
number was 25,150 based on the cavity depth of 25 mm and the
freestream velocity of U,, = 14 m/s. The length-to-depth ratio was
2. The Reynolds number of the present experiments is larger than
Rep = 12,000 used in the numerical simulations. Because the main
emphasis of the present experiments is placed on the successful
application of POD analysis to experimental data, the qualitative
comparison is reasonably made between the numerical and experi-
mental data. PIV images were acquired using a 12-bit charge-
coupled device camera with 1280 x 1024 pixels. Interrogation
windows of 16 x 16 pixels were used with a 50% overlap. Five-
thousand instantaneous PIV images were collected for second-order
statistics such as root-mean-square of velocity fluctuations to be
stationary. When the instantaneous velocity fields were examined in
a reference frame moving at the speed of 0.5U,, two large-scale
vortical structures were observed between the leading and trailing
edges. The regular shedding of coherent structures was expected to
be responsible for self-sustained oscillations of the separated shear
layer. However, it was difficult to investigate the spatial character-
istics of coherent structures by examining the instantaneous velocity
fields because the quantitative characteristics were dependent on the
convection speed of reference frame. For example, the initial forma-
tion of coherent structures was obscure in the immediate downstream
region of the leading edge because the convection velocity of
coherent structures was estimated to be 0.5U,, on average. To
elucidate the spatial characteristics of coherent structures, it is
necessary to extract a common pattern of coherent structures by
employing the POD analysis to the present experimental data.

III. Proper Orthogonal Decomposition

The classical procedure of POD is based on two-point spatial
correlations of stochastic data [21]. The distribution of stochastic
data g can be reconstructed in the linear combination of orthogonal
basis functions

M
90 =Y fnn (DY (%) 3)
m=1

where v, and ¢,, is a set of basis functions and time-varying
coefficients, respectively. In the linear combination, each basis
function is scaled by t,,. The subscript of m is the sequential number
in the dimension M of g. The goal of POD is to seek a set of basis
functions to maximize the value of mean square projection, which
has the property that the partial sums of Eq. (3) converge faster than
the partial sums of any other set of basis functions. Consequently, it
amounts to finding a solution of the eigenvalue problem

LKmnwmw=mw@) 4

where the kernel K(x,r) is the two-point spatial autocorrelation
tensor

K(x,r) = {q(x)g(x + 1)) (5)

The operator of (e) is an averaging of spatial autocorrelation in time.
The distribution of ¢ is defined on the physical domain of 2. The
eigenvalue y,, = 12 represents the energy level of each eigenmode,
which is always positive due to the nonnegative definiteness of the
kernel function. In a numerical procedure for solving the eigenvalue
problem of Eq. (4), the kernel is expressed by a matrix whose size is
proportional to a square of physical meshes. For example, the size of
a kernel matrix is on the order of billions in the grid system for
Rep, = 12,000 and L/D = 2. Although the eigenmodes can be
obtained in the point of theoretical view, it is practically impossible to
solve the eigenvalue problem due to its grand size.

An alternative way of building up the kernel is to calculate the
covariance of stochastic data based on the concept of temporal
correlation [22]. Let us define the kernel as

M
Ko =1 g (g @) ©®

where M is the total number of data. The stochastic data of ¢'(x) is
defined as the ith image of g(x, 1), that is, ¢'(x) = ¢(x, ;). Sirovich
[22] has shown that the problem of Eq. (4) is equivalent to the
following eigenvalue problem:

AK®HW®M=WWQ) ™

Assuming a special class of trial function
M . .
V() =Y chg'(x)
i=1

we obtain
ST ( [ oweman)d|im =Y narw ®
i=1 M Jq =1

J=1

where i and j are the sequential number of data. It amounts to another
eigenvalue problem

Ac)ﬂ = ymcm (9)

where the elements of matrix A is defined as

1 ) )
A= ML q'(r)g’(r)dr

el 2 MT
and ¢,, =[c},, Cos ..., CH]E.
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Fig. 3 Mean velocities and turbulent intensities of cavity flows when
Rep = 3000 (x/D = 1.4).

The eigenmodes ¥ are calculated from the linear relationship with
¢,, as follows:

M
Vu(X) =Y chg' (%) (10)
i=1

If the stochastic data are given by a number of snapshots, the
dimension of the kernel matrix is identical to the number of
snapshots. Because the snapshot-based POD is designed to identify
coherent patterns encountered in snapshots, the basis function of
Eq. (10) is strongly dependent on the number of snapshots. To avoid
an undesirable dependency, a sufficiently large number of snapshots
should be provided to ensure that the statistical properties are
stationary. Unfortunately, no systematic test has been carried out in
turbulent flows over an open cavity to inform one of how many
snapshots are necessary to obtain the convergence of eigenmodes.
However, an empirical knowledge suggests that the employment of
over 400 snapshots guarantees the independence of dominant
eigenmodes on the number of snapshots. To check the dependence of
the basis function on the number of snapshots, the convergence of the
first eigenmode is shown in Fig. 4 with the concept of residual as
follows:

n(M) = L A (%) — 9 (%) dx (1

where Y} (x) is the first eigenmode computed by using M snapshots
[11]. As seen, the convergence of the first eigenmode is satisfied
when the kernel matrix is calculated by using over 400 snapshots.

IV. Proper Orthogonal Decomposition Analysis of
Numerical Data

A. Rep=12,000 & L/D =2

As mentioned earlier, self-sustained oscillations are observed in
incompressible turbulent flows over an open cavity when Rep =
12,000 and L/D = 2. Over 400 instantaneous snapshots of pressure
fluctuations are used for the 2-D POD analysis. In the calculation of
the kernel matrix using the instantaneous snapshots, there are two
options for choosing the distribution domain of pressure fluctuations.
One is to use the entire physical domain including both the upstream
region of the leading edge and the downstream region of the trailing
edge, as represented in Fig. 5a. Otherwise, to focus on the oscillating
behaviors of the separated shear layer, the pressure fluctuations can
be considered between the leading and trailing edges, as displayed in

Re,=12,000
0.75 L/D=2
= 0.5
0.25
0

100 200 300 400 500
number of snapshots (M)

Fig. 4 Convergence of the first eigenmode when Rep, = 12,000 and
L/D =2.

Fig. 5b. After comparing two results of POD analyses defined in the
full- and subdomain, respectively, it is found that the dominant
eigenmodes are essentially the same because most of the pressure
fluctuations are produced between the leading and trailing edges.
Hereinafter, the POD will be employed to the pressure fluctuations in
the subdomain between the leading and trailing edges.

Figure 6 shows the first six eigenmodes of pressure fluctuations,
which are obtained from the 2-D POD analysis. The lip line of cavity
geometry is located at y/D = 1. The leading and trailing edges are
placed at x/D =0 and 2, respectively. One pair of negative and
positive distributions represents the low-pressure fluctuations of
large-scale vortical structures and the high-pressure fluctuations of
induced rotational motions. As seen in the first and second modes,
three pairs are clearly observed between the leading and trailing
edges. Itis consistent with the spectral characteristic of self-sustained
oscillations corresponding to N = 3, which was reported in Kang
et al. [6]. The streamwise length scale of coherent structures
gradually increases from 0.3D in the immediately downstream
region of the leading edge to 0.8 D in the impingement region near the
trailing edge. To avoid any ambiguity, the length-scale of the
coherent structure was determined to be twice as long as the
streamwise distances between the central locations of positive and
negative distributions. The transverse length-scale is not sufficiently
large to affect the pressure fluctuations on the bottom wall inside the
cavity. It causes the experimental difficulty that the pressure
measurement on the bottom wall is not effective for describing self-
sustained oscillations of a separated shear layer. The first two modes
look like two different phase states of an identical motion, as
expected when the flow is experiencing a global mean advection. The
phase difference is estimated to be a quarter of one period as if sin(x)
is orthogonal to sin(x £ 7/2). Although the alternative patterns of
pressure fluctuations are regularly observed in the first and second

b) Subdomain
Fig. 5 Physical domain for application of POD to pressure fluctuations.

a) Full domain

a) v b) v,

Dy,

3 -1 0

8

DR )y
Fig. 6 First six eigenmodes of pressure fluctuations when Re;, =
12,000 and L/D = 2. The solid and dotted lines represent the positive
and negative distributions of eigenmodes.
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modes, the distributions are irregular in the third mode of Fig. 6¢c and
the fourth mode of Fig. 6d. The next modes of Figs. 6e and 6f are
likely to describe the fluctuating behaviors of a separated shear layer
with higher wave numbers, albeit with slight variations. In the
previous studies of laminar cavity flows, the oscillating behaviors of
a separated shear layer were represented only in the first two modes,
whereas the next higher modes were associated with the recirculation
of the primary vortex inside the cavity [12]. Simple modes of a
separated shear layer produce a single peak frequency in the power
spectra of laminar cavity flows. In the present study of turbulent
cavity flows, however, the fluctuating behaviors of the separated
shear layer are represented in the higher modes as well as in the first
two modes. The complex mixture of several modes causes the broad
spectra of pressure fluctuations in fluctuating behaviors of a
separated shear layer, although the first two modes are responsible
for the peak frequency corresponding to N = 3.

The contribution of each mode is displayed in Fig. 7a, which is
represented by the level of eigenvalues. The square symbols denote
the eigenvalues normalized by the total sum of all eigenvalues. The
local sum of eigenvalues is represented by the solid line, which is also
normalized by the total sum. As shown in Fig. 7a, the contribution of
the first two modes is similar, which is approximately 15% of total
pressure fluctuations. Close values of y; and y, support that the two
modes are originated from identical motions of the separated shear
layer. The relationship of the two modes is clearly shown in the phase
diagram of Fig. 7b, where the horizontal and vertical axes represent
the time-varying coefficients @, (f) and a, (¢), respectively. The time-
varying coefficient a,,(r) of the mth mode is calculated from the
following formulation:

(D) = (1) = L YD Padx (12)

Itis interesting to note that a torus is generated by the phase portrait of
a;(t) and a,(r). Distortion of the circular shape represents the
variation of phase difference, whereas dispersion of circulation is
caused by the amplitude change of oscillations. If the first two
coefficients oscillate with constant amplitude and the phase
difference is a quarter of one period, a complete circle is expected to
be drawn instead of a torus. The present topological shape of a torus
means that small fluctuations of oscillating amplitudes are expected
in the first two modes ¥, and v, while the phase difference is nearly
constant.

The temporal evolutions of time-varying coefficients are shown in
Fig. 8. As seen in Fig. 8a, the periodic signals are observed in the
temporal evolutions of a,(f) and a,(t). The period of 1.4D/U, is
exactly consistent with the spectral peak of pressure fluctuations
(w =4.5) reported in Kang et al. [6]. This means that the spatial

(a) eigenvalues

10.5

2,

a) Eigenvalues

0.04 -
(b) phase diagram
0.02F
=
< of
S
-0.02F

0% 60, 0 002 0.04
a,(?)
b) Phase diagram

Fig. 7 Relationship of eigenmodes: a) level of eigenvalues and b) phase
diagram of time-varying coefficients a, (f) and a, (f) when Re;, = 12, 000.

modes of ¥, and ¥, play an important role in the occurrence of self-
sustained oscillations. The similarity of phase difference is observed
between the spatial modes (v, ¥,) and the temporal coefficients (a,
a,), that is, the phase difference is approximately a quarter of the
spatial wave number and the temporal period. In the higher modes of
Figs. 8b and 8c, the fluctuating amplitudes are relatively small
compared with those of the first two modes, as expected in the level
of eigenvalues. The spectral characteristic is close to nonperiodicity,
although the periodic evolutions are intermittently observed in
Fig. 8c. From the viewpoint of spatial characteristics, a more
instructive view can be derived by examining the temporal evolution
of time-varying coefficient a, (¢) in the spanwise direction. Figure 9
shows such time history where the horizontal and vertical axes
represent the spanwise direction and time, respectively. The time-
varying coefficient is similarly distributed in the spanwise direction.
For example, the positive coefficients of Fig. 9 are overall distributed
in the spanwise direction at tU,,/D = 0, 2, 4, whereas the spanwise
distributions of negative coefficients are observed at tU,, /D = 1, 3,
5. Considering that the streamwise length scales of coherent
structures are only 0.3 ~0.8D, the first mode is quasi-two-
dimensional in the spanwise direction even though it is not fully 2-D
due to alittle variation. It can also be expected for the second mode to
be quasi-two-dimensional.

Now, it is useful to propose a simple procedure to estimate the
qualitative velocity field corresponding to each POD mode of
pressure fluctuations. As known, multipoint linear stochastic
estimation (mLSE) can be a good candidate to guess a vector field of
velocity fluctuations corresponding to a scalar distribution of
pressure fluctuations [10,23]. In the present study, however, a large
number of instantaneous pressure fluctuations fields were provided
instead of spatial correlations. The usage of conditional averaging is
more convenient than mLSE if an appropriate condition is given in
the distribution of pressure fluctuations. In the calculation of the
time-varying coefficients a,, (¢) by using Eq. (12), the coefficient can
be regarded as an instantaneous correlation coefficient between the
instantaneous pressure fluctuations p’(x, r) and the mth eigenmode

0.03
=
—— a,t) e @0
-0.03 (Y X
a)
0.03
)
0 -
— ay(t) e A (0)
-0.03
b)
0.03
2
—_— a5(t) llﬂ(t)
-0.03 e S
tU /D
©

Fig. 8 Temporal evolution of time-varying coefficients when
Rej =12, 000.

Yo o
. . a,(f
0.015
) ~ St e, . ° q sas
S e
0.006
8 - o 0.003
> 0
=~ 7 e -0.003
0,006
i S8 BT
l.n‘mz
0 = R . 20015
0 1 2 3 4

D

Fig. 9 Spanwise distributions of time-varying coefficients a, (f) when
Rep =12, 000.
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¥, (x). If a,,(7) is very large in an instantaneous distribution of
pressure fluctuations, it means that the instantaneous distribution is
very similar to the mth eigenmode. When the instantaneous velocity
fluctuations fields are conditionally averaged under the criterion of
sufficiently strong correlation, as follows,

(']ay,(t) = a,) = w,(x) (13)

we can qualitatively estimate the velocity fluctuations field u),(x)
corresponding to the mode v,,(x) of pressure fluctuations. The
underline operator ‘’ represents a conditional averaging. If the
pressure fluctuations are measured at one point (x = x), the basis
function is defined as a delta function, §(x — x). The mathematical

formulation of conditional averaging is derived as
(Wp'(x, 1) Z og) =u'(x) if ¥1(x) =3(x — xp) (14)

This means that the conditional averaging is carried out when the
pressure fluctuations at the point are larger than a threshold.
Consequently, the concept of Eq. (13) is identical to the conditional
averaging which has been generally used in the turbulent flows over a
backward-facing step [24,25].

The conditional averaging is carried out under the criterion of
Eq. (13). Figure 10 shows the distributions of velocity fluctuations
corresponding to the first two modes of pressure fluctuations. The
threshold is set to be «,, = 2(a,,)ms- Several values of the threshold
have been tested but the velocity distribution was found to be almost
the same when the threshold was larger than 1.5. The velocity
fluctuations are consistent with the distributions of pressure
fluctuations, as seen in Fig. 10. In Figs. 10a and 10c, the positive
distributions and the counterclockwise rotations are concurrently
observed at x/D=0.4, 0.9, and 1.8, whereas the negative
distributions and the clockwise rotations coexist at x/D = 0.2, 0.6,
and 1.3. The negative pressure fluctuations are generated by large-
scale vortical structures with the clockwise rotation, whereas the
induced counterclockwise rotations are responsible for the positive
pressure fluctuations. In Figs. 10b and 10d, we can observe the
negative distributions of pressure fluctuations with the counter-
clockwise rotations near x/D = 0.5 and 1.2. The third vortical
structure is going to be ejected from the cavity near x/D = 2.0. This
consistency shows a successful estimation of velocity fields
corresponding to the dominant eigenmodes.

B. Rep,=3000&L/D=2

When Re;, = 3000 and L/D = 2, no oscillations are observed in
incompressible turbulent flows over an open cavity. The same POD
analysis is carried out by using over 400 snapshots of instantaneous
pressure fluctuations. The first six modes are shown in Fig. 11. The

) u;(x)

d) uy(x)

Fig. 10 Estimation of velocity field corresponding to each eigenmode of
pressure fluctuations based on the concept of conditional averaging when
Rep, =12,000 and L/D = 2. The solid and dotted lines represent the
positive and negative distributions of eigenmodes.

solid and dotted lines represent the positive and negative
distributions of eigenmodes, respectively. As seen in Figs. 11a and
11b, it is hard to assert that two complete pairs of positive and
negative distributions are observed between the leading and trailing
edges. The number of pairs is closer to 1.5, rather than 2. Assuming
that the convection velocity is similar to 0.49U, of Re, = 12, 000,
the peak frequency (w = 2.3) of pressure fluctuations corresponds to
N = fL/U; = 1.49. The first and second modes are responsible for
the spectral peak of pressure fluctuations. Because both the number
of structural pairs and the spectral modes N are not integers, the
fluctuating behaviors of the separated shear layer is not originated
from a geometric peculiarity of the cavity [26]. With the exception of
the sixth mode, other higher modes are likely to describe the
fluctuating behaviors of the separated shear layer with higher wave
numbers, as seen in Figs. 11c—11e.

The observation of eigenvalues provides the modal contribution to
pressure fluctuations in Fig. 12a. Although the first and second
eigenvalues are very dominant with the levels of 21 and 20%,
respectively, other eigenvalues are insignificant, especially for

a) Yy b) y,

) ys
Fig. 11 First six eigenmodes of pressure fluctuations when Re;, = 3000
and L/D = 2. The solid and dotted lines represent the positive and
negative distributions of eigenmodes.

a) Eigenvalues
0.04

0.02

a,(t)

oF

-0.02F

000s 002 0 002 004
a](t)
b) Phase diagram

Fig. 12 Relationship of eigenmodes: a) the level of eigenvalues and
b) phase diagram of time-varying coefficients a,(f) and a,(f) when
Rep = 3000.
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modes higher than the fifth mode. Because the first two modes look
very similar and their eigenvalues are closely dominant, the two
modes can be expected to arise from an identical motion of the
separated shear layer, likewise for Re, = 12, 000. The phase trace of
two coefficients a;(f) and a,(r) is displayed in Fig. 12b. The
distribution of the phase portrait cannot be explained by random
differences of phase. The phase relationship is portrayed by the
overall counterclockwise circulation, although both dispersion and
distortion are observed. To elucidate the temporal characteristic of
each mode in detail, the time-varying coefficient a;(¢) of the ith mode
is shown in Fig. 13. The temporal variations of the first two
coefficients are large, whereas other coefficients are sufficiently
small as expected in the levels of eigenvalues. As shown in Fig. 13a,
considerable fluctuations are observed in the amplitudes of a, (¢) and
a,(t). Based on the temporal correlation, however, the lag time
between two coefficients is almost constant at At = 0.65D/U.,
which is consistent with a quarter of one period (w = 2.3). Why do
the amplitudes of a, () and a,(¢) significantly fluctuate in Fig. 13a
despite of the constant lag time? The answer is placed on the three-
dimensionality of the fluctuating behaviors, which are represented by
the first two modes v, and v,. The temporal evolution of the time-
varying coefficient a,(7) is examined in the spanwise direction to
investigate the three-dimensionality of the first mode. In Fig. 14a, the
horizontal and vertical axes represent the spanwise direction and
time, respectively. The spatial variation of coefficient magnitude
suggests the three-dimensionality of the first mode ¥/,. To make it
clear, the spanwise distributions of the first coefficient are

Jo— a)

— a() a1

Fig. 13 Temporal evolution of time-varying coefficients when
Rep = 3000.

Fig. 14 Spanwise distributions of time-varying coefficients a, (f) when
Rep = 3000.

demonstrated in Fig. 14b at three instants. The solid, dotted, and
dashed lines represent the spatial distributions of a,(f) at
tU,,/D = 2,4, and 6, respectively. As seen, the coherent structures
represented by the first mode v, are fully 3-D. The spatial three-
dimensionality inevitably causes the temporal fluctuations of the
coefficient amplitude in the 2-D POD due to the loss of dimension.
Even if the three-dimesional POD is carried out, there is little
possibility that a periodic signal of a, (¢) can be obtained without any
fluctuations of amplitude. Because the spanwise characteristics of v/,
are irregular in location, length scale, and swirling strength of the
coherent structures, it will be difficult to provide a representative 3-D
pattern of pressure fluctuations. Consequently, the spatial three-
dimensionality and the temporal fluctuations are the essential
properties of coherent structures, which are presented in turbulent
cavity flows for Rep, = 3000 and L/D = 2.

V. Proper Orthogonal Decomposition Analysis of
Experimental Data

Before now, the spatial structures responsible for self-sustained
oscillations were successfully disclosed by employing the snapshot-
based POD to the 2-D distributions of pressure fluctuations.
Although the distribution of pressure fluctuations is a good
measurement to identify large-scale coherent structures, it is not a
practical variable in experiments. An available variable should be
suggested for the application of POD to experimental data such as
PIV images and hot-wire signals. The fluctuating behaviors of the
separated shear layer are well demonstrated in the statistical analyses
of transverse velocity fluctuations, as reported in previous
experimental results. Ashcroft and Zhang [5] have reported that
the alternative patterns of positive and negative v-v correlation
coefficients represent the organized nature of coherent structures.
The alternative patterns have been also observed in the v-v
correlations of Kang et al. [6], as well as Ukeiley and Murray [27].
Chatellier et al. [28] used the linear distributions of transverse
velocity to describe the unsteady motions of a separated shear layer
as well.

Based on the previous reports, the transverse velocity fluctuations
are chosen to be used in the application of POD analysis to
experimental data. To check the effectiveness of transverse velocity
fluctuations, the classic procedure of POD is employed to the
numerical data of turbulent flows over an open cavity when Rep, =
12,000 and L/D =?2. The distribution of v-v correlations are
defined on the lip line of cavity geometry to exclude irrelevant
fluctuations of transverse velocity to the oscillating behaviors of the
separated shear layer. The transverse velocity fluctuations can be
expressed by the linear combination of a set of basis functions as
follows:

M
VD) =D (D0, (5) (15)
m=1

where 0,,(x) represents the mth eigenmode. Figure 15a shows the
first two eigenmodes o, and 0,, which represent oscillating behavior
of the separated shear layer. As shown, the initial formation of
coherent structures looks vague in the immediate downstream region
of the leading edge, and the oscillation is significantly disturbed near
the trailing edge due to the impingement of vortical structures.
Nevertheless, three vortical structures are organized between the
leading and trailing edges. Figures 15b and 15c represent the
correspondent distributions of pressure fluctuations, which are
conditionally averaged as mentioned earlier. The solid and dotted
lines denote the positive and negative pressure fluctuations,
respectively. The overall distribution of pressure fluctuations is very
similar to the first and second eigenmodes of Fig. 6, although small
discrepancies are observed in the streamwise locations of positive
and negative distributions. Because the negative pressure
fluctuations represent the vortical formation of coherent structures,
three vortical structures are clearly observed between the leading and
trailing edges. The length scale of coherent structures gradually
increases from 0.3D in the immediate downstream region of the
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o(x)
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o) Py(x)

Fig. 15 POD analysis of transverse velocity fluctuations when Re;, =
12,000 and L/D = 2: a) first two eigenmodes of transverse velocity
fluctuations on the lip line of cavity geometry, b) spatial distributions of
pressure fluctuations corresponding to o,, and c) corresponding to o,.
The solid and dotted lines represent the positive and negative
distributions of eigenmodes.

leading edge to 0.8D in the impingement region near the trailing
edge.

By the same procedure, the spatial correlations of transverse
velocity fluctuations are calculated from PIV data of Kang et al. [6].
After the POD analysis is employed to the spatial distributions of v-v
correlations on the lip line of cavity geometry, the eigenmodes of
transverse velocity fluctuations are obtained as shown in Fig. 16a.
The first two eigenmodes are related to the oscillating behavior of the
separated shear layer, in which two vortical structures are observed
between the leading and trailing edges. To elucidate the spatial
formation of coherent structures in detail, instantaneous velocity
fields are conditionally averaged based on the eigenmodes.

ox)

2

4
a) POD modes

x/D

©) uy(x)

Fig. 16 Experimental application of POD analysis: a) first two
eigenmodes of transverse velocity fluctuations on the lip line of cavity
geometry, b) spatial distributions of pressure fluctuations corresponding
to 01, and c¢) corresponding to o;,.

¢) Velocity fluctuations

Fig. 17 Instantaneous evidence of large-scale vortical structures:
a) instantaneous distributions of velocity field, b) Galilean decomposed
distributions of velocity field, and c) instantaneous distributions of
velocity fluctuations.

Figures 16b and 16¢ show the conditional-averaged distributions of
velocity fluctuations corresponding to the first two eigenmodes,
respectively. In the first mode of Fig. 16b, the large-scale vortical
structures are observed near x/D = 0.7 and 1.5. In the second mode
of Fig. 16c¢, one vortical structure is shed downstream near x/D =
0.9 and the other is likely to be ejected from the cavity near
x/D = 1.8. Tt is clear that two vortical structures are responsible for
self-sustained oscillations of the separated shear layer. As expected,
the patterns of Figs. 16b and 16¢ are frequently encountered in the
majority of instantaneous velocity fields. Figure 17a shows a
representative velocity field when the time-varying coefficient of the
first eigenmode is large. When Galilean decomposition is employed
to the velocity field with the convection velocity of 0.5U, the two
vortical structures are qualitatively identified in Fig. 17b. The
streamwise location and length scale of vortical structures are
consistent with the velocity distributions of Fig. 16a. However, the
vortical formation of large-scale structures is obscure in the vector
fields of velocity fluctuations, as shown in Fig. 17c, although the
vortical formations could be guessed from the enhancement of
velocity fluctuations. From the viewpoint of statistical analysis in
experiments, the POD analysis is very effective to extract large-scale
vortical structures in turbulent flow over an open cavity when the
analysis is employed to the spatial distributions of v-v correlations on
the lip line of cavity geometry.

VI. Conclusions

In the present study, we identified large-scale vortical structures
responsible for self-sustained oscillations by employing proper
orthogonal decompositions to pressure fluctuations of turbulent
flows over an open cavity. To reduce the dimension of the eigenvalue
problem, the snapshot-based POD was applied to the distributions of
pressure fluctuations. The residual of the first eigenmode showed the
satisfaction of convergence when the kernel matrix was calculated by
using over 400 snapshots. When self-sustained oscillations took
place for Rep = 12,000 and L/D =2, three pairs of alternative
patterns were observed in the first and second modes of pressure
fluctuations. This was consistent with spectral characteristics of self-
sustained oscillations corresponding to N = 3. By examining the
phase diagram of time-varying coefficients and the level of
eigenvalues, the first two eigenmodes were found to represent two
different phase states of an identical self-sustained oscillation. Both
temporal evolution and spanwise distribution of the first two modes
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disclosed that quasi-two-dimensional formation of large-scale
vortical structures gives rise to self-sustained oscillations of a
separated shear layer. However, three-dimensional vortical
structures were identified in the dominant modes of pressure
fluctuations when the oscillations were not observed for Re, = 3000
and L/D =?2. Because the spatial characteristics of dominant
eigenmodes were irregular in location, length scale, and swirling
strength of coherent structures, the spatial three-dimensionality was
an essential property of coherent structures that were presented in
turbulent cavity flows for Re; = 3000. Although the large-scale
coherent structures were successfully identified in the POD of
pressure fluctuations, the availability could not be extended to
experimental data. For the application of POD analysis to
experimental data, the decomposition was employed to the spatial
distributions of v-v correlations on the lip line of cavity geometry.
After obtaining the first two eigenmodes representing the oscillating
behaviors of the separated shear layer, instantaneous velocity fields
were conditionally averaged under the criterion of a strong
correlation between the instantaneous distributions of transverse
velocity fluctuations and the first two eigenmodes. In the conditional-
averaged distributions of velocity fluctuations, the large-scale
vortical structures responsible for self-sustained oscillations were
clearly identified. The vortical formations of coherent structures
were frequently encountered in the majority of instantaneous
velocity fields, as disclosed by Galilean decomposition of an
instantaneous velocity field.
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